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BucklingThis paper describes the coupling mechanism between highly nonlinear solitary waves propagating along
a granular system and slender beams in contact with the granular medium. Nonlinear solitary waves are
compact non-dispersive waves that can form and travel in nonlinear systems such as one-dimensional
chains of particles, where they are conventionally generated by the mechanical impact of a striker. These
waves have a constant spatial wavelength and their speed, amplitude, and duration can be tuned by mod-
ifying the particles’ material or size, or the velocity of the striker. In the study presented in this article we
investigated numerically the interaction between solitary waves propagating along a chain of granular
particles and a slender beam. Some of the numerical ﬁndings were validated experimentally. We found
that the geometric and mechanical properties of the beam or thermal stress applied to the beam alter cer-
tain features of the solitary waves. In the future, these ﬁndings may be used to develop a novel sensing
system for the nondestructive assessment of beams.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
In the last ﬁfteen years, numerical and experimental studies on
the propagation of nonlinear solitary waves in one-dimensional
chains of spherical elastic beads have demonstrated that these
waves can be used in several engineering applications, including
but not limited to vibration absorbers (Fraternali et al., 2009),
impurity detectors (Sen et al., 1998; Hong and Xu, 2002), acoustic
diodes (Nesterenko et al., 2005; Boechler et al., 2011) and nonde-
structive testing (Ni et al., 2012; Ni and Rizzo, 2012a, 2012b; Yang
et al., 2012a). In chains of particles, the nonlinearity arises from a
Hertzian-type contact between two adjacent spheres subjected to
compressive force. When the compression is small compared to
the dynamic force associated with the propagation of the wave,
highly nonlinear solitary waves (HNSWs) arise (Nesterenko,
1983; Lazaridi and Nesterenko, 1985; Nesterenko et al., 1995; Cos-
te et al., 1997; Coste and Gilles, 1999; Daraio et al., 2005, 2006; Job
et al., 2005, 2007; Nesterenko et al., 2005; Yang et al., 2011; Carre-
tero-González et al., 2009; Ni et al., 2011a, 2011b). One peculiar
characteristic of HNSWs is that their spatial wavelength is ﬁxed
(equal to approximately ﬁve particle diameters) and is indepen-
dent of their amplitude. Moreover, the amplitude, speed and num-
ber of pulses can be tuned by engineering the granular system; forexample, by changing the diameter of the beads or adding static
pre-compression to the chain.
In the study presented in this paper we coupled a chain of par-
ticles to a prismatic beam to evaluate the effect of the beam’s
geometry and material as well as the effect of thermal stress, on
the characteristics of the solitary waves propagating along the
chain. The objective of the study is to propose a novel tool for
the nondestructive assessment of beams and to investigate the
hypothesis that HNSWs can predict the occurrence of thermal
buckling in slender beams. To the best of the authors’ knowledge
the coupling mechanism between chain of particles and slender
beams was never reported. Job et al. (2005) studied the reﬂection
of solitary waves from walls having different mechanical proper-
ties. Yang et al. (2011) investigated the interaction of a 1-D granu-
lar system aligned with small cylinders of varying length and
materials. The interaction between HNSW and thin plates was in-
stead examined by Yang et al. (2012b) to evaluate the effect of the
plate’s boundary conditions.
In this study, we investigated numerically and experimentally
different beam conﬁgurations. A discrete particle model was used
to derive the shape and amplitude of the force function at the
chain–beam interface. A continuous beam theory was used to esti-
mate the structural response of the beam subjected to the solitary
pulse forcing function. The structural response served to predict
the characteristics of the solitary waves generated by the impact
of the vibrating beam to the chain.
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Fig. 2. Top: chain of spherical particles subjected to static pre-compression F0.
Bottom: chain of spherical particles subjected to static pre-compression F0 and
removed from the equilibrium position due to the propagation of a solitary wave.
The small circles represent the initial positions of beads’ center whereas the
triangles are the position of the beads’ center after perturbation. Fm denotes the
total force, static plus dynamic, where the dynamic force is the force associated
with the propagation of a solitary wave. (Figure adapted from Ni, 2011.)
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numerical model associated with the propagation of HNSWs are
presented in Sections 2 and 3, respectively. The response of the
beam subjected to the impact of a solitary wave is described in Sec-
tion 4. Section 5 reports the numerical results associated with the
sensitivity of the solitary wave to the beam’s properties. Section 6
presents the results of a series of experiments. Finally, Section 7
ends the paper with some conclusive remarks, the implications
of our work, and the possible path for future research.
2. Background on HNSW
When two spheres are in contact and compressed by a static
force F, as shown in Fig. 1, their interaction is governed by the
Hertz law (Landau and Lifshitz, 1986):
F ¼ 1
D
R1R2
R1 þ R2
 1=2
d3=2 ð1Þ
where R1 and R2 are the radius of the particles, d is the distance of
approach of their centers, and D is a coefﬁcient given by:
D ¼ 3
4
1 m21
E1
þ 1 m
2
2
E2
 
ð2Þ
where E and m are the Young’s modulus and the Poisson’s ratio of
the material, respectively. Eq. (1) can be generalized as:
F ¼ A d3=2 ð3Þ
where
A ¼
Ac ¼ E
ﬃﬃﬃﬃ
2R
p
3ð1m2Þ
Aw ¼ 4
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R
p
3
1v2
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2
w
Ew
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>: ð4Þ
In Eq. (4) the stiffness constant Ac refers to the contact between
two identical spheres, whereas Aw refers to the contact between a
sphere and a semi-inﬁnite wall. In this case, Ew and vw represent
the Young’s modulus and the Poisson’s ratio of the wall material.
Fig. 2 shows the schematics of the portion of a 1-D chain made
of identical beads having radius R, mass m, subjected to a static
pre-compression force F0, and initial approach d0. When this sys-
tem is subjected to the dynamic force Fm generated by the propa-
gation of a solitary pulse, the second Newton’s law relative to the i-
th particle can be written as (Nesterenko, 1983):
€ui ¼ gcðd0  ui þ ui1Þ3=2  gcðd0  uiþ1 þ uiÞ3=2; 2 6 i 6 N  1
ð5Þ
where ui denotes the displacement of the i-th particle from its equi-
librium position, and gc is one of the stiffness constants deﬁned in
Eq. (4) normalized with respect to the mass m, namely gc = Ac/m.
A chain of N beads subjected to the action of a striker in contactuncompressed compressed
δ
(a) (b)
Fig. 1. Schematics of two spheres that are (a) in contact, and (b) in contact and
subjected to compression. The parameter d is the approach of the two spheres’
centers. (Figure adapted from Ni, 2011.)with a linear medium is shown in Fig. 3. For the particles located
at the two ends of the chain, i.e. when i = 1 and i = N, Eq. (5)
becomes:
€u1 ¼ gcd3=20  gcðd0  u2 þ u1Þ3=2 ð6aÞ
€uN ¼ gcðd0  uN þ uN1Þ3=2  gwðdw0  uw þ uNÞ3=2 ð6bÞ
where dw0 represents the initial approach between the last bead and
the wall, uw is the displacement of the contact point on the wall, and
gw is the normalized stiffness constant gw = Aw/m.
When the chain is ‘‘weakly’’ compressed, the particles displace-
ment associated with the propagation of the wave is larger than
the corresponding closest approach, i.e.
juiþ1  uij
d0
P 1 ð7Þ
The time increment of the generic particles displacement can be
expressed in terms of the Taylor series expansion as shown in
Chatterjee (1999):
uðt þ aÞ ¼ uðtÞ þ a duðtÞ
dt
þ a
2
2!
d2uðtÞ
dt2
þ a
3
3!
d3uðtÞ
dt3
þ    ð8Þ
By substituting Eq. (8) into Eq. (5), the wave equation becomes:
€u ¼ c2 3
2
ðuxÞ1=2uxx þ a
2
8
ðuxÞ1=2uxxxx  a
2
8
uxxuxxxx
ðuxÞ1=2
 a
2
64
ðuxxÞ3
ðuxÞ3=2
( )
ð9Þ
where the subscript x indicats spatial derivatives and
c2 ¼ 2E
pqð1 m2Þ ; a ¼ 2R ð10Þ
In Eq. (9), ux represents the strain, considered positive when the
particle is compressed, and q is the density of the particle material
(Nesterenko, 1983). The speed Vs of a solitary wave is (Nesterenko,
2001):
Vs ¼ cnmn0
2
5
ð3n5=20 þ2n5=2m 5n3=20 nmÞ
 1=2
¼ c0
nr1
4
15
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 1=2
¼ 0:9314 4E
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Fig. 3. Schematics of a 1-D granular system in contact with a linear medium. The meaning of symbols is as follows. ui: displacement of the i-th particle from its equilibrium
position; F0: precompression; d0: initial deformation induced by precompression; gc: normalized sphere-sphere contact stiffness.
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to static precompression and the dynamically induced strain, and nr
is the normalized maximum strain, i.e. nm/n0. The strain n0 is the ini-
tial strain associated with the static pre-compression F0, Fm is the
total force made of the static pre-compression plus the dynamic
force, which is associated with the propagation of a solitary wave,
and fr is the normalized force fr = Fm/F0. Eq. (11) demonstrates that
the speed has a nonlinear dependence on the strain or on the nor-
malized force (Daraio et al., 2006). The value c0 represents the
sound speed in a chain subjected to force fr = 1 and it is equal to
(Nesterenko, 2001; Daraio et al., 2006):
c0 ¼ 32
 1=2
cn1=40 ¼ 0:9314
2E
aq3=2ð1 m2Þ
 1=3
F1=60 ð12Þ
where the constant c is indicated in Eq. (10).
When the static pre-compression or its corresponding strain is
small and therefore the dynamic characteristics are predominant
in Fm and nm the speed of solitary wave is:
Vs ¼ 2ﬃﬃﬃ
5
p cn1=4m ¼ 0:6802
2E
aq3=2ð1 m2Þ
 1=3
F1=6m ð13Þ
and its shape can be closely approximated by (Nesterenko, 1983):
n ¼ 5V
2
s
4c2
 !
cos4
ﬃﬃﬃﬃﬃﬃ
10
p
5a
x
 !
ð14Þ3. Discrete particle model
In this study the propagation of HNSWs in a weakly compressed
1D chain of particles was simulated numerically by using a discrete
particle model (Nesterenko, 2001; Yang et al., 2011, 2012b) where
the interaction between two adjacent particles is conﬁned to axial
displacements only and these displacements are much smaller
than the particles’ diameter. A diagram of a chain of N beads in
contact with a linear medium is shown in Fig. 3. The ﬁrst particle
represents the striker. Once the striker impacts the second particle,
a solitary wave begins to form and propagate.
The second order differential Eq. (5) was solved using the 4th
order Runge–Kutta method. Thus, each equation was separated
into two coupled 1st order differential equations about velocity v
and displacement u:
_v ¼ gðuÞ ¼ gcfd3=2back  d3=2frontg ð15aÞ
_u ¼ f ðvÞ ¼ v ð15bÞ
where dback is the approach of the i-th bead with the previous one
((i  1)th) and dfront represents the approach of the same bead withthe next one ((i + 1)th). The Runge–Kutta recurrence formula uk+1
and vk+1 were given as a timestamp of Dt:
ukþ1 ¼ uk þ Dt6 ðf1 þ 2f 2 þ 2f 3 þ f4Þ ð16aÞ
vkþ1 ¼ vk þ Dt6 ðg1 þ 2g2 þ 2g3 þ g4Þ ð16bÞ
where the discrete increment f of the displacement are obtained
from Eq. (15b):
f1;i ¼ v i; f 2;i ¼ v i þ
Dt
2
g1;i; f 3;i ¼ v i þ
Dt
2
g2;i; f 4;i ¼ v i þ Dt  g3;i
ð17Þ
and the velocity increments g1,i, g2,i, g3,i, g4,i are derived from the
Hertz law formulated in Eq. (15a) as follows. For the striker:
g1;1 ¼ gc½u1  u23=2þ ð18aÞ
g2;1 ¼ gc u1 þ
Dt
2
f1;1
 
 u2 þ Dt2 f1;2
  3=2
þ
ð18bÞ
g3;1 ¼ gc u1 þ
Dt
2
f2;1
 
 u2 þ Dt2 f2;2
  3=2
þ
ð18cÞ
g4;1 ¼ gc u1 þ Dt  f3;1ð Þ  u2 þ Dt  f3;2ð Þ½ 3=2þ ð18dÞ
For the 2nd through the (N  1)th bead:
g1;i ¼ gcf½d0  ðui  ui1Þ
3
2þ  ½d0  ðuiþ1  uiÞ3=2þ g ð19aÞ
g2;i ¼ gc d0  ui þ
Dt
2
f1;i
 
 ui1 þ Dt2 f1;i1
   3
2
þ
(
 d0  uiþ1 þ Dt2 f1;iþ1
 
 ui þ Dt2 f1;i
   3=2
þ
)
ð19bÞ
g3;i ¼ gc d0  ui þ
Dt
2
f2;i
 
 ui1 þ Dt2 f2;i1
   3
2
þ
(
 d0  uiþ1 þ Dt2 f2;iþ1
 
 ui þ Dt2 f2;i
   3=2
þ
)
ð19cÞ
g4;i ¼ gcf½d0  ððui þ Dt  f3;iÞ  ðui1 þ Dt  f3;i1ÞÞ
3
2
þ
 ½d0  ððuiþ1 þ Dt  f3;iþ1Þ  ðui þ Dt  f3;iÞÞ3=2þ g ð19dÞ
For the sphere in contact with the beam:
g1;N ¼ gc½d0  ðuN  uN1Þ
3
2þ  gw½uN 3=2þ ð20aÞ
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Fig. 4. Schematics of the chain–beam system modeled to predict the effect of
certain materials’ parameters on the propagation of HNSWs features. Note that the
chain of particles was made of 30 beads.4. Continuous beam theory
In the general formulation of the continuous beam theory the
equation of motion of a beam subjected to a transverse distributed
force F(x, t) and an axial force per unit length T,which is considered
positive when in tension (Chopra, 2007; Tedesco and Mcdougal,
1999):
½EIy00ðx; tÞ00 þm  €yðx; tÞ  T  y00ðx; tÞ ¼ Fðx; tÞ ð21Þ
where y(x, t) is the vertical displacement, m is the mass per unit
length, and EI(x) is the ﬂexural rigidity. By using the method of sep-
aration of variables as outlined in Tedesco and Mcdougal (1999), the
time-independent solution is given by:
yðxÞ ¼ C1 sinh kxþ C2 cosh kxþ C3 sin bxþ C4 cos bx ð22Þ
In Eq. (24), k2 ¼ s21 and b2 ¼ s22, where:
s21;2 ¼
T
2EI
1 1þ 4mx
2
nEI
T2
 1=2" #
ð23Þ
and the constants C1, C2, C3 and C4 are evaluated by satisfying the
speciﬁc boundary conditions. In the study presented in this paper,
ﬁxed–ﬁxed boundaries were considered, i.e.
yjx¼0 ¼ yjx¼L ¼ 0 ð24aÞ
@y
@x
				
x¼0
¼ @y
@x
				
x¼L
¼ 0 ð24bÞ
From Eqs. (22), (23), and (24a,b), inﬁnite pairs of solutions
about k and b are derived and they represent an inﬁnite numbers
of mode shapes. Thus, the natural frequency of the beam can be
computed as:
xn ¼ bnﬃﬃﬃﬃmp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
T þ b2EI
q
ð25Þ
After algebraic manipulations, Eq. (25) shows that when T is
equal to the Euler buckling load x1 = 0, i.e. the beam does not
vibrate.
We use normal modes /r(t) and normalized coordinate qr(t) as
the r-th solution of f(x) and g(t) separately, the general solution
of Eq. (21) is given by
yðx; tÞ ¼
X1
r¼1
/rðxÞqrðtÞ ð26Þ
The differential equation of motion in normal coordinates for the
r-th mode is:
€qr þx2r qr ¼
1
Mr
Z L
0
Fðx; tÞ/rðxÞdx ð27ÞwhereMris the generalized (modal) mass:
Mr ¼
Z L
0
m u2r ðxÞdx ð28Þ
We coupled the continuous beam theory with the discrete par-
ticle model to predict the structural response of the beam sub-
jected to a force function represented by the dynamic force of
the solitary wave pulse arriving at the interface between the beam
and the 1D chain. To simulate such a interaction, the beamwas vir-
tually located at the (N + 1)th position of the chain albeit it was not
treated as a particle. Thus, the position uN+1 in discrete particle
model is equivalent to y(x, t) of Eq. (26) with the coordinate x coin-
cident to the contact point between the chain and the beam in
Fig. 4. The beam acceleration üN+1 is then:
€uNþ1ðtÞ ¼ €yðx; tÞ ¼
X1
r¼1
/rðxÞ€qrðtÞ
¼
X1
r¼1
/rðxÞ
1
Mr
Z L
0
Fðx; tÞ/rðxÞdxx2r qr
 
ð29Þ
where the initial normal coordinate qr at time t0 is derived by the
pre-compression from the chain of beads. From the model, the force
applied to the beam by the solitary pulse is:
Fðx; tÞ ¼ Awd3=2Nþ1dðx aÞ ð30Þ
where dN+1 is the approach between the last bead of the chain and
the beam, and d(x  a) is Dirac delta function which is nonzero at
the interface point x = a.5. Numerical results
We used the formulation described in the previous two sections
to evaluate the effect that mechanical and geometric properties of
the beam in contact with a 1-D chain of particles have on certain
parameters of the HNSWs propagating in the granules. The dynam-
ical system is schematized in Fig. 4. In all the simulations, the pris-
matic beam was 457 mm long, clamped at both ends, and placed in
contact with the granular matter consisting of 30 beads. In most of
the analyses each particle was 19.05 mm in diameter, weighing
29 g, and its material had Young’s modulus and Poisson’s ratio of
each particle equal to 200 GPa and 0.28, respectively. The ﬁrst par-
ticle represented the striker and its initial velocity _u1 was 0.240 m/
s. This value may be considered close to the experimental value
0.256 m/s (see Section 6) and accounts for dissipative phenomena
not modeled in the discrete particle model. Moreover, as will be
discussed in the experimental results, the numerical value of
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of the incident waves are very close.
The force proﬁle associated with the propagation of the solitary
pulse was measured at the center of the 5th and 10th particle away
from the interface. These particles are hereafter indicated as sensor
beads 2 (S2) and sensor bead 1 (S1), respectively. Four variables
were simulated by means of the models discussed in the previous
two sections. We evaluated the effect of the beam’s Young’s mod-
ulus and depth-to-width ratio, the effect of axial load applied to
the beam, and we observed the effect of the particles diameter.
For each variable, a range of values were considered. Table 1 sum-
marizes the settings used in the numerical analyses.Fig. 5. Numerical proﬁle of solitary waves propagating in the granular chain in
contact with a beam having Young’s modulus equal to (a) 100 GPa and (b) 220 GPa.5.1. Effect of the Young’s modulus
The effect of the Young’s modulus of a 9.525 mm wide,
19.05 mm deep beam was evaluated. The modulus varied from
100 GPa to 220 GPa at 20 GPa steps whereas the beam’s density
and Poisson’s ratio were kept constant and equal to 7800 kg/m3
and 0.28, respectively. The numerical force proﬁles at 100 GPa
and 220 GPa are shown in Fig. 5. Three main pulses are visible.
The ﬁrst pulse is the incident wave (IW) generated by the striker
and traveling towards the chain–beam interface. The subsequent
pulse, the primary reﬂected solitary wave (PSW), is the wave re-
ﬂected from the interface and propagating back through the gran-
ules and arriving at the sensor site. The mechanism that gives rise
to the PSW is similar to what is described by Yang et al. (2012b) for
chains in contact with plates: this wave is formed by the rebound-
ing motion of granules against the beam; when the incident wave
reaches the chain–beam interface, the last particle collides with
the beam and is bounced back towards the rest of the chain. The
third pulse, hereafter indicated as secondary reﬂected solitary
wave (SSW), is the effect of the beam’s motion. In fact, part of
the acoustic energy carried by the IW triggers the vibration of
the beam. Once the beam completes a half-cycle of its vibration,
it impacts the chain giving rise to the SSWs, visible after 3 ms.
Thus, the TOF of SSWs is actually the half cycle time of the beam’s
ﬁrst vibration mode.
Fig. 5 shows that the most evident effect associated with the
Young’s modulus is the time of arrival of the SSW, whereas there
is only a slight change on the time of arrival and amplitude of
the PSW. We characterized the wave reﬂection properties measur-
ing the following features: the time-of-ﬂight (TOF), the amplitude
ratio of the PSW, and the amplitude ratio of the SSWwave. The TOF
denotes the transit time at a given sensor bead in the granular
crystal between the incident and the reﬂected waves. We deﬁned
the amplitude ratios associated with the PSW and the SSW as the
ratios of the PSW amplitude divided by the incident wave ampli-
tude and the ratio between the SSW amplitude and the incident
wave amplitude, respectively.
To quantify the effect of the beam’s Young modulus on the se-
lected features of the HNSWs, Fig. 6 is shown. The results are pre-
sented in terms of the following parameters measured by means
of sensor 1, located ten particles away from the interface: ratio
PSW1/IW1; ratio SSW1/IW1, time of ﬂight associated with the
primary reﬂectedwave; time of ﬂight associatedwith the secondaryTable 1
Parameters used in the numerical simulations.
Variables Depth (mm) Width (mm) Beam’s
Young’s modulus 9.525 19.05 100,12
Axial load 9.525 19.05 200
Depth-to-width ratio 9.525 9.525  (1,2,3, . . . ,10) 200
Particle diameter 9.525 19.05 200reﬂected wave. Fig. 6(a) shows that as the linear medium becomes
stiffer the amplitude of the primary reﬂected wave becomes larger,
i.e. the ratio PSW1/IW1 increases. Fig. 6(b) demonstrates that the
difference in the time of arrival at the sensor site between the pri-
mary reﬂected wave and the incident pulse decreases. As the
Young’smodulus increases, the beam becomes stiffer, causingmore
energy to be reﬂected and less energy converted to beam’s vibration.
The decrease in the TOF has two causes: the decrease in the penetra-
tion depth of the last particle into the beam, the increase in speed of
the PSWdue to its raise in amplitude (Eq. (13)). As it pertains the sec-
ondary reﬂected wave, its amplitude does not follow a monotonous
trend (Fig. 6(c)), whereas the time of ﬂight decreases as themodulus
of the linearmedium increases. The non-monotonous trend is due to
ﬂuctuation of the impact velocity of the beam with the chain. This
velocity depends on the presence of higher symmetric vibration
modes (the antisymmetric modes have zero displacement at the
mid-span). For the TOF of SSW, a larger Young’s modulus induces a
smaller vibration cycle time, which means a smaller TOF.
To better quantify the effects of the Young’s modulus, the
parameters discussed in Fig. 6 were normalized with respect to
their corresponding maximum and are presented in Fig. 7. While
the inﬂuence of the Young’s modulus on the primary reﬂected
wave can vary as much as 12%, the effect on the secondary wave
is quite signiﬁcant.5.2. Effect of axial load
The effect of axial load on a rectangular beam (9.525 mm wide,
19.05 mm deep), density = 7800 kg/m3, Young’s Modulus 200 GPa
and Poisson’s ratio = 0.28 was evaluated. The load was varied from
96% of the yielding load in tension to 96% of yielding in compres-
sion. It should be noted that the slenderness ratio of the beam
was such that yielding stress is lower than buckling stress and
therefore this particular beam fails occurs before buckling. Thus,
for this speciﬁc case, the 96% yielding load in compression is equiv-
alent to 69% buckling. The numerical force proﬁles at the two
opposite cases are presented in Fig. 8. The multiple peaks of SSW
are caused by the impact between the bead and the beam (bottom
panel) and the bouncing impacts of the sensor bead with adjacentYoung modulus (GPa) Particle diameter (mm) Axial load (kN)
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amplitude ratio. (b) Normalized time of ﬂight.
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load, the most evident difference between the force proﬁles is the
time of arrival of the secondary reﬂected wave.
Fig. 9 displays the HNSWs parameters as a function of the axial
load. As it goes from compression to tension there is a change in
the slope of both the amplitude and the time of ﬂight of the0
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Fig. 8. Numerical proﬁle of solitary waves propagating in the granular chain in
contact with a beam subjected to: (a) 36 kN tensile load; (b) 36 kN compressive
load.primary solitary waves whereas similar consideration can be
drawn for the time of ﬂight of the secondary wave. The amplitude
of the secondary wave seems to increase overall, though there is no
monotonous trend. This is likely due to the disintegration of the
secondary pulse into many pulses whose propagation speed and
attenuation are signiﬁcantly affected by the mechanical properties
of the bounding medium (Job et al., 2005; Yang et al., 2011, 2012b).
To better quantify the effects of the load, the parameters pre-
sented above were normalized with respect to their corresponding
maximum value and they are displayed in Fig. 10. The effect of the
axial load on the amplitude of the primary reﬂected wave is in the
order of 10%. Given that the largest load simulated in this study
generates a stress equal to 193 MPa, the sensitivity shown by the
propagation of HNSWs to the presence of axial load can be
exploited in the future as a mean to evaluate the presence of stress
in a linear medium in contact with the granular system.
It is interesting to compare qualitatively the sensitivity to ap-
plied stress demonstrated by the HNSWs to the acoustoelastic phe-
nomenon in which the speed of linear waves in a bulk medium or a
waveguide depends upon the applied stress. For example, Rizzo
and co-authors (Lanza di Scalea et al., 2003; Rizzo and Lanza di Sca-
lea, 2003, 2004), found that the variation of the velocity of ultra-
sonic wave propagating in cylindrical waveguides made of high-
strength steel is in the order of 1% per GPa of stress. This implies
that the sensitivity to the presence of stress visible on the engi-
neering system modeled in this paper is about 50-fold.
As it pertains to the response associated with the secondary
wave, the variation of its time of ﬂight is even larger although
non-monotonic. Interestingly, the slope of the curve in the region
of positive load (beam in tension) is much smaller than the slope
of the curve in the region of negative load (beam in compression).
This could be exploited to assess the transition from compression
to tension or vice versa. Finally, there is an apparent change in
trend below 36 KN. We remark that an analysis at higher com-
pression loads would be meaningless because the beam is not a lin-
ear medium and therefore the formulations outlined in the
previous sections do not apply.5.3. Effect of the depth-to-width ratio
The effect of the ﬂexural stiffness on the 457 mm long beam
having density = 7800 kg/m3, Young’s Modulus 200 GPa and Pois-
son’s ratio = 0.28 was simulated. The ﬂexural stiffness was varied
by changing the moment of inertia of the beam. The width of the
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Fig. 10. Granular medium in contact with a beam subjected to axial load.
Normalized solitary wave features relative to the primary and the secondary
solitary waves measured by sensor S1 as a function of the axial load. (a) Normalized
amplitude ratio. (b) Normalized time of ﬂight.
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Fig. 11. Granular medium in contact with a beam of varying depth-to-width ratios.
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was varied, such that the depth-to-width ratio spanned from 1
(squared cross-section) to 10, at step of 1. It is noted here that
though the aspect ratio, like 10, makes the depth of the beam com-
parable with its length, we continue to use the continuous beam
model since we ignore any deformation of the cross section of
the beam. The normalized values of the solitary wave features
are presented in Fig. 11. The data associated with the amplitude
and the time of ﬂight show a monotonous trend. When the beam
is square most of the incident energy is converted into the second-
ary wave and only a small fraction of the incident energy is carried
back by the primary reﬂected wave. This means that most of the
incident wave energy is converted into the beam’s vibration. As
the amplitude of the PSW is small also its speed is small, yielding
to the highest time of arrival. With the increase of depth, the ﬂex-
ural stiffness of the beam becomes larger and this creates larger
bouncing back amplitude which, in turns, generates larger PSW’s
velocity. The mechanism is similar to the one described by Yang
et al. (2012b) to calculate the rebounding motion of a sphere in
contact with a plate.
Similar to what observed in Fig. 7, larger cross section decreases
the penetration depth of the last bead into the beam and increases
the velocity of the PSW.5.4. Effect of the particles’ diameter
The effect of the particles diameter on the characteristics of the
HNSWs was considered as well. The characteristics of the beam
were: rectangular cross section (9.525 mm wide, 19.05 mm deep),
free length = 0.457 m, density = 7800 kg/m3, Young’s Modulus
200 GPa and Poisson’s ratio = 0.28. Five particle’s diameters were
considered, namely 5 mm to 25 mm at 5 mm steps. The normal-
ized values presented in Fig. 12 show monotonous trends. For
the 5 mm diameter case, the acoustic energy carried by the granu-
lar system is not sufﬁcient to trigger the beam’s vibration, or to al-
low for penetration between the lost particle and the beam’s
surface. In this case we therefore we obtain perfect rebounding
motion of the particle. Thus, no SSW was observed in this case.
As the particles become bulkier, the amount of energy carried by
the PSW decreases at advantage of the secondary wave. This is sim-
ilar to the case of sphere diameter much larger than the plate
thickness described in Yang et al. (2012b). The phenomenon also
produces a delay in the arrival time of the primary wave. The com-
plementary response of the reﬂected waves is clearly visible in the
amplitude feature (Fig. 12(a)).
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6.1. Setup
Some of the numerical simulations discussed in Section 5 were
validated by a series of experiments. The overall setup is presented
in Fig. 13. A chain of 30 beads (19.05 mm-diameter, 29 g, low car-
bon steel beads, McMaster-Carr product number 9529K26) was
embedded into a horizontal channel made of structural ﬁber glass
square tube (having sides 25.4  25.4 mm, and wall thickness
3.175 mm, McMaster-Carr product number 8548K21). The ﬁrst
bead acted as a striker by means of the system shown in
Fig. 13(b). The system consisted of an electromagnet made of a
magnetic wire coil (AWG24) of about 1350 turns wrapped around
a 13 mm diameter and 33 mm long iron core. The electromagnet
lifted the striker along a plastic slider. A DC power supply was used
to provide electrical current to the coil. To prevent the movement
of the ﬁrst particle of the chain toward the slider, a small plastic
sleeve was glued to the bottom of the electromagnet. The electro-
magnet was coupled to a switch circuit, driven by a National
Instruments – PXI running in LabVIEW. Details of the control sys-
tem are provided in (Ni and Rizzo, 2012b). A LabVIEW front panel
was designed to operate the actuator automatically. The solitary
waves were measured by using sensor beads located at 5th and
10th position away from the beam. Each sensor particle contained
a piezoelectric ceramic disk (circular plate with 0.3 mm thickness
and 19.05 mm diameter) with silver electrodes and micro-minia-
ture wiring. The assembling and calibration procedures of theL=304.8 or 609.6 mm (a)
Fig. 13. (a) Photos of the overall experimental setup. Granular system in contact with a
metallic plates are secured to the beam by means of a clamp to simulate ﬁxed support. T
the beam and the optical table. (b) Close-up view of the actuator used to set the motioninstrumented particles were similar to those described in (Daraio
et al., 2005; Ni et al., 2011b; Cai et al., 2013). The sensor particles
were connected to the same NI-PXI and the signals were digitized
at 10 MHz sampling rate. To assess repeatability, 50 measurements
were taken for each case and processed statistically in Matlab. This
assembly was successfully used in a recent study (Cai et al., 2013).
The falling height of the striker was 4.7 mm. If rolling friction
without slipping is assumed, the striker velocity v = 0.256 m/s
was derived from the conservation of energy:
mgh ¼ 1
2
mv2 þ 1
2
2
5
mr2
 
 v
r
 2
ð31Þ
where (2/5) mr2 is the moment of inertia of a sphere.
6.2. Effect of ﬂexural stiffness and free-length: setup and results
The ﬁrst experiment aimed at evaluating the effects related to
material type and geometry. In this series of tests, we examined:
(1) the interaction between the HNSW transducer and two beams
made of different materials, namely aluminum (McMaster-CARR
product number 8975K794) and stainless steel (McMaster-CARR
product number 8992K68); (2) the interaction between the gran-
ules and beams made of the stainless steel having different free-
lengths. Table 2 summarizes the properties of the two linear
media.
Prior to discussing the experimental results, Fig. 14 presents the
numerical force proﬁles associated with the stainless steel beam
and the aluminum beam. Fixed–ﬁxed boundary conditions were
hypothesized. To ease visualization, the forces are offset by 100
N steps. Two interesting phenomena are observed. First, at the
interface with the aluminum (Fig. 14(b)), the PSW is not formed.
The aluminum is much softer than the steel particles, and therefore
most of the pulse energy carried through the chain is converted
into the kinetic energy associated with the vibration of the beam.
Second, the length of the free span affects the time of arrival of
the secondary solitary wave. As the span increases the time of ar-
rival of the SSW increases. This is related to the beam’s natural fre-
quency of vibration.
The experimental results are presented in Fig. 15. Each panel
displays the results associated with four free lengths, and the val-
ues of the dynamic forces measured by the bead sensors are offset
vertically with a step of 100 N. Moreover, to ease the comparison
with the numerical results, the trigger time of the experimental
waveforms was offset horizontally as well. Overall, the experimen-
tal amplitudes of the reﬂected waves are smaller than the numer-
ical predictions due to dissipative effects in the chain and in the
beams. Moreover, the arrival of the SSW at the sensor site is de-
layed with respect to the numerical prediction. It is possible thatElectro-
magnet
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sleeve
Striker
Slider
(b) 
beam made of different materials or different free-lengths. At each beam’s end, two
he free-span of the beam ‘‘sits’’ on two small supports to avoid any friction between
of the striker.
Table 2
Geometric and material properties of the beams used in the experiments.
Material Depth (mm) Width (mm) Length (mm) Young’s Modulus (GPa) Poisson’s ratio
Stainless steel 9.525 19.05 1829 200 0.28
Aluminum (Alloy 6061) 10.0 20.0 200 69 0.33
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Fig. 14. Numerical proﬁles of solitary waves propagating in a granular chain in
contact with (a) stainless steel beam and (b) aluminum beam. The results relative to
four free-lengths are displayed. The continuous lines refer to the measurements at
the center of the particle located 10 particles away from the interface. The
continuous lines refer to the measurements at the center of the particle located 5
particles away from the interface.
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Fig. 15. Experimental solitary waves propagating in a granular chain in contact
with (a) stainless steel beam and (b) aluminum beam. The results relative to four
free-lengths are displayed. The continuous lines refer to the measurements at the
sensor bead located 10 particles away from the interface. The continuous lines refer
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as ﬁxed supports but rather as torsional springs.
Fig. 16 shows a few HNSW-based features as a function of the
free-length of the stainless steel beam. As is said earlier, dissipative
phenomena not included in the model are such that the experi-
mental values are lower than the corresponding numerical predic-
tion. Overall, the increase in free-length has a larger inﬂuence on
the characteristics of the secondary wave and this is due to the nat-
ural frequency of vibration of the beam. As the free length in-
creases, both the beam’s velocity and natural frequency of
vibration decrease causing a delay on the time of arrival of the sec-
ondary wave and a decrease in amplitude.
6.3. Effect of thermal stress
The steel beam was subjected to thermal load to validate the
hypothesis that certain HNSW features can be used to predict
incipient thermal buckling. The setup is presented in Fig. 17. The
beam’s free length was equal to L = 1.460 m and a thermal tape
(McMaster-CARR product number 3631K63) was used to raise
the temperature of the structure. A thermocouple and a strain gage
were used to monitor the beam’s temperature and axial strain,
respectively. The same granules illustrated in Section 6.1 were
used to generate and detect solitary pulses. To assess repeatability,
15 measurements were taken at discrete temperature intervals.A waveform measured when the beam’s temperature was
30.8 C (DT = 8.4 C) is shown in Fig. 18(a). The presence of the inci-
dent, primary reﬂected and secondary reﬂected waves is visible.
The small pulses visible around 5 ms are due to the bouncing of
the last particle of the chain. Fig. 18(b) and (c) are close-up views
of Fig. 18(a). In Fig. 18(c) multiple pulses are visible. After the beam
vibrates back and triggers the SSW, the last bead in the chain is
stopped again and again by adjacent beads, chased and impacted
by the beam several times.
For an ideal stainless steel Euler–Bernoulli beam, 1.46 m long,
and under ﬁxed–ﬁxed boundary conditions the thermal buckling
is expected to occur when the temperature raise DT = 8.09 C
according to the Euler buckling load. This value is obtained consid-
ering the linear coefﬁcient of thermal expansion a equal to
17.3  106 (1/C) and Young’s modulus E = 200 GPa.
In the experiment, however, we observed large lateral deforma-
tion (buckling) suddenly happening when the temperature raise
DT measured by the thermocouple was 29 C. This discrepancy is
mainly attributed to imperfect boundary conditions and uneven
temperature distribution close to the boundaries. The thermal
force F induced in the beam was computed from the strain e mea-
sured by means of the thermally compensated strain gages using
the following relationship:
F ¼ EA  ðaDT  eÞ ð32Þ
where A is the area of the beam’s cross-section. Fig. 19 shows the
time of ﬂight associated with the secondary wave as a function of
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Fig. 16. Solitary wave features measured by sensor S1 as a function of free length of the beam (a) force ratio of PSW over IW at sensor 1; (b) time of ﬂight between PSW and
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Fig. 17. (a) Photos of the overall experimental setup. Granular system in contact with a beam subjected to thermal stress. The photo shows the beam’s boundary conditions, a
thermocouple, a heat tape, and a strain-gage box. (b) Close-up view of the chain–beam interface.
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Fig. 18. (a) Typical waveform of HNSW in thermal buckling test; (b) zoom-in plot of
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Fig. 19. Time of ﬂight of the secondary solitary wave measured by sensor bead 1 as
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cal results is very good. As explained in Section 5.1, the TOF of
SSW is related with the natural frequency. From Eq. (26) we know
that the SSW arrives later when the axial compression increases
and at buckling force, the natural frequency is zero which meansthe TOF of SSW should be inﬁnite and this is also what Fig. 19 indi-
cates. Thus, we can predict the occurrence of the buckling when the
time of ﬂight of SSW approaches inﬁnite.
Finally, the wave features as a function of temperature raise are
presented in Fig. 20. With the exception of the feature relative to
the time of arrival of the SSW, the other three features do not show
any speciﬁc pattern. This is likely due to the fact that the axial force
generated on the beam is not sufﬁciently large. At DT = 27 C, the
compressive force is slightly above 3.0 kN which is a small fraction
of the interval ± 35 kN examined in Figs. 8–10.
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Fig. 20. Granular medium in contact with a beam subjected to thermal load. Solitary wave features measured by sensor S1 as a function of load. (a) Amplitude ratio of PSW.
(b) Time of ﬂight of PSW. (c) Amplitude ratio of SSW. (d) Time of ﬂight of SSW.
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In the study presented in this article we investigated the inter-
action of highly nonlinear solitary waves with beams of different
geometric and mechanical properties or subjected to thermal
stress. The solitary waves propagated along a one-dimensional
chain of spherical particles in contact perpendicular to the plane
of the beam having minimum moment of inertia. We found that
the waves reﬂected at the beam-chain interface are signiﬁcantly
affected by the geometry, material properties, and applied stress.
In particular we found that both the time of ﬂight and the ampli-
tude of the waves are affected by the parameters investigated in
this study. We quantiﬁed these dependencies numerically by cou-
pling a discrete particle model to the continuous beam theory to
evaluate the response of beam subjected to a forcing function
equal to the solitary wave pulse proﬁle. Some of the numerical
models were validated experimentally.
Some of the ﬁndings of this study can be used to develop a novel
nondestructive evaluation tool to predict the mechanical proper-
ties of beam structures and more important to predict incipient
thermal buckling. With respect to ultrasonic methods based on
acoustoelasticity, the proposed method may provide unique
advantages in terms of larger sensitivity, portability, and cost. Fu-
ture works shall focus on improving the numerical model to ac-
count for dissipative phenomena and on testing larger structures.
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